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ON THE CALABI COMPOSITION OF MULTIPLE AFFINE HYPERSPHERES
XINGXIAO LI
Abstract. In this paper, we explicitly construct the Calabi composition of multiple affine hyperspheres
possibly including some points viewing as 0-dimensional hypersheres. Then we compute all the basic
affine invariants of the composed affine hyperspheres, proving that the composed affine hypersphere is
symmetric one if and only if each of its composing factors of positive dimension is symmetric.
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1. Introduction
As we know, affine hyperspheres are the most important objects in affine differential geometry of
nondegenerate hypersursurfaces, drawing great attention of many geometers. In fact, affine hyperspheres
seems simple in definition but they do form a very large class of hypersurfaces, the study of which is fruitful
in recent twenty years. See for example, the proof of the Calabi’s conjecture ([13], [14]), the classification
of hyperspheres of constant affine curvatures ([19], [20], [12]), and in [11] the complete classification
of locally strongly convex hypersurfaces with parallel Fubini-Pick forms which form a special class of
hyperbolic affine hyperspheres (for some special cases, see [4], [10]).
In 1972, E. Calabi [2] found a composition formula by which one can construct new hyperbolic affine
hyperspheres from any two given ones. The present author has generalized Calabi construction to the
case of multiple factors (See [17], published in Chinese). Later in 1994 F. Dillen and L. Vrancken
[3] generalized Calabi original composition to any two proper affine hyperspheres and gave a detailed
study of these composed affine hyperspheres. They also mentioned that their construction applies to the
case of multiple factors but with no details of it. In 2008, in order to establish their later classification
mentioned above, Z.J. Hu, H.Z. Li and L. Vrancken proved one characterization of the Calabi composition
of hyperbolic hyperspheres ([6]) in terms of special decompositions of the tangent bundle. We would like
to remark that, F. Dillen, H.Z. Li and X.F. Wang has defined and studied the Calabi type composition
of parallel Lagrangian submanifolds in the complex projective space CPn ([16]).
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In this paper, we explicitly define, in a unified manner, the Calabi composition of multiple factors
of hyperbolic hyperspheres, possibly including some point factors viewing as “0-dimensional hyperbolic
hyperspheres”. After introducing the formula of definition, we make it in detail for the computation
of the basic affine invariants of this composition which turn out useful in some later application. For
example, as the first application of those computation we prove that the composed affine hypersphere is
symmetric if and only if each of its composing factors of positive dimension is symmetric (see Theorem
4.2).
Acknowledgement The author is grateful to Professor A-M Li for his encouragement and important
suggestions during this study. He also thanks Professor Z.J. Hu for providing him valuable related
references some of which are listed in the end of this paper.
2. The equiaffine geometry of hypersurfaces
In this section, we briefly present some basic facts in the equiaffine geometry of hypersurfaces. For
details the readers are referred to the text books, say, [15] and [18].
Let x :Mn → Rn+1 be nondegenerate hypersurface. Then there are several basic equiaffine invariants
of x among which are: the affine metric (Berwald-Blaschke metric) g, the affine normal ξ := 1
n
∆gx, the
Fubini-Pick 3-form (the so called cubic form) A ∈
⊙3 T ∗Mn and the affine second fundamental 2-form
B ∈
⊙2
T ∗Mn (See for example [15] and [18]). By using the index lifting by the metric g, we can identify
A and B with the linear maps A : TM → End(TM) or A : TM
⊙
TM → TM and B : TM → TM ,
respectively, by
g(A(X)Y, Z) = A(X,Y, Z) or g(A(X,Y ), Z) = A(X,Y, Z), g(B(X), Y ) = B(X,Y ), (2.1)
for all X,Y, Z ∈ TM . Sometimes we call the corresponding B ∈ End(TM) the affine shape operator of
x. In this sense, the affine Gauss equation can be written as follows:
R(X,Y )Z =
1
2
(g(Y, Z)B(X) +B(Y, Z)X − g(X,Z)B(Y )−B(X,Z)Y )− [A(X), A(Y )](Z), (2.2)
where, for any linear transformations T, S ∈ End(TM),
[T, S] = T ◦ S − S ◦ T. (2.3)
Each of the eigenvalues B1, · · · , Bn of the linear map B : TM → TM is called the affine principal
curvature of x. Define
L1 :=
1
n
trB =
1
n
∑
i
Bi. (2.4)
Then L1 is referred to as the affine mean curvature of x. A hypersurface x is called an (elliptic, parabolic,
or hyperbolic) affine hypersphere, if all of its affine principal curvatures are equal to one (positive, 0, or
negative) constant. In this case we have
B(X) = L1X, for all X ∈ TM. (2.5)
It follows that the affine Gauss equation (2.2) of an affine hypersphere assumes the following form:
R(X,Y )Z = L1(g(Y, Z)X − g(X,Z)Y )− [A(X), A(Y )](Z), (2.6)
Furthermore, all the affine lines of an elliptic affine hypersphere or a hyperbolic affine hypersphere
x : Mn → Rn+1 pass through a fix point o which is refer to as the affine center of x; Both the elliptic
affine hyperspheres and the hyperbolic affine hyperspheres are called proper affine hyperspheres, while
the parabolic affine hyperspheres are called improper affine hyperspheres.
Proposition 2.1. ([15]) A nondegenerate hypersurface x : Mn → Rn+1 is a proper affine hypersphere
with affine mean curvature L1 and with the origin o as its affine center if and only if the affine line is
parallel to the position vector x. In this case, the affine normal ξ is given by ξ = −L1x.
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For each vector field η transversal to the tangent space of x, we have the following direct decomposition
x∗TRn+1 = x∗(TM)⊕ R · η.
This decomposition and the canonical differentiation D¯0 on Rn+1 define a bilinear form h ∈
⊙2
T ∗Mn
and a connection Dη on TM as follows:
D¯0XY = x∗(D
η
XY ) + h(X,Y )η, ∀X,Y ∈ TM. (2.7)
(2.7) can be referred as to the affine Gauss formula of the hypersurface x. In particular, in case that η
is parallel to the affine normal ξ, the induced connection ∇ := Dη is independent of the choice of η and
is referred to as the affine connection of x.
In what follows we make the following convention for the range of indices:
1 ≤ i, j, k, l ≤ n.
Let {ei, en+1} be a local unimodular frame field along x with η := en+1 parallel to the affine normal
ξ, and {ωi, ωn+1} be its dual coframe. Then we have connection forms ωAB, 1 ≤ A,B ≤ n+1, defined by
dωA = ωB ∧ ωAB, dω
A
B =
n+1∑
C=1
ωCA ∧ ω
B
A , ω
n+1 ≡ 0.
Furthermore, the above invariants can be respectively expressed locally as
g =
∑
gijω
iωj , A =
∑
Aijkω
iωjωk, B =
∑
Bijω
iωj , (2.8)
subject to the following basic formulas:∑
i,j
gijAijk = 0, or equivalently ω
n+1
n+1 +
1
n+ 2
d logH = 0, (2.9)
Aijk,l −Aijl,k =
1
2
(gikBjl + gjlBik − gilBjk − gjkBil), (2.10)∑
l
Alij,l =
n
2
(L1gij −Bij), (2.11)
where Aijk,l are the covariant derivatives of Aijk with respect to Levi-Civita connection of g.
Write h =
∑
hijω
iωj and H = | det(hij)|. Then
gij = H
− 1
n+2hij , ξ = H
1
n+2 en+1. (2.12)
Define ∑
k
hijkω
k = dhij + hijω
n+1
n+1 −
∑
hkjω
k
i −
∑
hikω
k
j . (2.13)
Then the Fubini-Pick form A can be determined by the following formula:
Aijk = −
1
2
H−
1
n+2hijk. (2.14)
To end this section, we would like to introduce the following concept:
Definition 2.1. A nondegenerate hypersurface x : Mn → Rn+1 is called affine symmetric (resp.
locally affine symmetric) if
(1) the pseudo-Riemannian manifold (Mn, g) is symmetric (resp. locally symmetric) and therefore
(Mn, g) can be written (resp. locally written) as G/K for some connected Lie group G of isometries with
K one of its closed subgroups;
(2) the Fubini-Pick form A is invariant under the action of G.
4 XINGXIAO LI
3. Calabi composition of multiple hyperbolic affine hyperspheres
In this section, we aim to derive an explicit formula to define the Calabi composition of multiple factors
of hyperbolic hyperspheres, possibly including 0-dimensional factors, and then make some detailed and
necessary computations for the basic affine invariants of this composition. This treatment seems not
to have appeared in the literature other than [17] where, for the first time, the author introduced the
concept of multiple factor composition of the Calabi’s type.
3.1. The Calabi composition of two hyperbolic affine hyperspheres.
For completeness we start with the simplest case, that is, the Calabi Composition of two factors which
has appeared in many literatures.
Let xa :M
na → Rna+1 be two hyperbolic affine hyperspheres with affine mean curvatures
(a)
L 1, a = 1, 2,
and with the origin their common affine center.
Proposition 3.1. ([2], [15], [17], [3]) For any positive numbers c1, c2, define M
n = R×Mn1 ×Mn2
and x :Mn → Rn+1 such that
x(t, p1, p2) =
{
c1 exp
(
t
n1 + 1
)
x1(p1), c2 exp
(
−t
n2 + 1
)
x2(p2)
}
, ∀ (t, p1, p2) ∈M
n. (3.1)
Then x is again a hyperbolic affine hypersphere with affine mean curvature L1 = −
1
(n+1)C , called the
Calabi composition of x1 and x2, where the constant C is given by
Cn+1 =
c
2(n1+1)
1 c
2(n2+1)
2
(n1 + 1)n1+1(n2 + 1)n2+1(n1 + n2 + 2)(−
(1)
L 1)(n1+2)(−
(2)
L 1)(n2+2)
.
Furthermore, if x¯a are equiaffine equivalent to xa, a = 1, 2, respectively, then the Calabi composition
x¯ of x¯1 and x¯2 with the same constants c1, c2 is equiaffine equivalent to x.
Definition 3.1. The Calabi composition x of x1 and x2 with c1 = c1 = 1 can be referred to as the
Calabi product of x1 and x2, and is denoted by x = x1 ∗ x2.
Then we have
Proposition 3.2. (Almost Commutative Law) Let x1, x2 be two hyperbolic affine hyperspheres of
dimensions n1, n2 respectively. Then the Calabi products x2 ∗ x1 and x1 ∗ x2 are “almost the same”, that
is, they differ only by a linear transformation on Rn1+n2+2 of determinant (−1)(n1+1)(n2+1). In other
words, x2∗x1 and x1∗x2 are either equiaffine equivalent to each other, or differ by a linear transformation
on Rn1+n2+2 of determinant −1.
Proof. In fact, denoting the identity matrix of order m by Im, we have
x2 ∗ x1 =
(
exp
(
t
n2 + 1
)
x2, exp
(
−
t
n1 + 1
)
x1
)
=
(
exp
(
t1
n1 + 1
)
x1, exp
(
−
t1
n2 + 1
)
x2
) 0 exp
(
− t+t1
n1+1
)
In1+1
exp
(
t+t1
n2+1
)
In2+1 0


=x1 ∗ x2

 0 exp
(
− t+t1
n1+1
)
In1+1
exp
(
t+t1
n2+1
)
In2+1 0

 .
By making the coordinate change by t1 = −t, we find that
x2 ∗ x1 = x1 ∗ x2
(
0 In1+1
In2+1 0
)
.
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Then the proposition follows since
det
(
0 In1+1
In2+1 0
)
= (−1)(n1+1)(n2+1).
Proposition 3.3. (Associative Law) For any three hyperbolic affine hyperspheres x1, x2, x3, (x1 ∗x2)∗
x3 and x1 ∗ (x2 ∗ x3) are equiaffine equivalent and thus we have
(x1 ∗ x2) ∗ x3 = x1 ∗ (x2 ∗ x3).
Proof. By definition
x1 ∗ x2 =
(
exp
(
t1
n1 + 1
)
x1, exp
(
−
t1
n2 + 1
)
x2
)
,
x2 ∗ x3 =
(
exp
(
t′1
n2 + 1
)
x3, exp
(
−
t′1
n3 + 1
)
x3
)
.
Therefore
(x1 ∗ x2) ∗ x3 =
(
exp
(
t2
n1 + n2 + 2
)
· exp
(
t1
n1 + 1
)
x1,
exp
(
t2
n1 + n2 + 2
)
· exp
(
−t1
n2 + 1
)
x2, exp
(
−t2
n3 + 1
)
x3
)
=
(
exp
(
t1
n1 + 1
+
t2
n1 + n2 + 2
)
x1,
exp
(
−
t1
n2 + 1
+
t2
n1 + n2 + 2
)
x2, exp
(
−
t2
n3 + 1
)
x3
)
;
x1 ∗ (x2 ∗ x3) =
(
exp
(
t′2
n1 + 1
)
x1, exp
(
t′1
n2 + 1
−
t′2
n2 + n3 + 2
)
x2,
exp
(
−
t′1
n3 + 1
−
t′2
n2 + n3 + 2
)
x3
)
.
Now, we make the following change of coordinates:
t′1 =−
n3 + 1
n2 + n3 + 2
t1 +
(n2 + 1)(n1 + n2 + n3 + 3)
(n1 + n2 + 2)(n2 + n3 + 2)
t2,
t′2 =t1 +
n1 + 1
n1 + n2 + 2
t2.
Then we have
t1
n1 + 1
+
t2
n1 + n2 + 2
=
t′2
n1 + 1
,
−
t1
n2 + 1
+
t2
n1 + n2 + 2
=
t′1
n2 + 1
−
t′2
n2 + n3 + 2
,
−
t2
n3 + 1
= −
t′1
n3 + 1
−
t′2
n2 + n3 + 2
.
Thus (x1 ∗ x2) ∗ x3 = x1 ∗ (x2 ∗ x3).
3.2. The Calabi composition of more factors—the definition and the affine metric.
We are to generalize formula (3.1), and to this end we need some necessary notations. Firstly, given
an integer K ≥ 2 and K nonnegative integers n1, · · · , nK , we define n = K − 1+n1+ · · ·+nK and make
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the following conventions for the ranges of different kinds of indices:
1 ≤ a, b, c · · · ≤ K, 1 ≤ λ, µ, ν ≤ K − 1, 1 ≤ ia, ja, ka ≤ na, (3.2)
i¯a = ia +K − 1 +
∑
b<a
nb, j¯a = ja +K − 1 +
∑
b<a
nb, k¯a = ka +K − 1 +
∑
b<a
nb. (3.3)
Secondly, for each a = 1, 2, · · · ,K and (t1, · · · , tK−1) ∈ R
K−1, we define fa := n1 + · · ·+ na + a and
ea := exp
(
−
ta−1
na + 1
+
ta
fa
+
ta+1
fa+1
+ · · ·+
tK−1
fK−1
)
.
In particular,
e1 = exp
(
t1
f1
+
t2
f2
+ · · ·+
tK−1
fK−1
)
, eK = exp
(
−
tK−1
nK + 1
)
.
Then our first generalization is as follows:
Theorem 3.1. Let xa : M
na → Rna+1, a = 1, 2, · · · ,K, be K(≥ 2) hyperbolic affine hyperspheres
with affine mean curvatures
(a)
L 1 and with the origin their common affine center. Then for any K positive
numbers ca, a = 1, · · · ,K, we have a new hyperbolic affine hypersphere x : M
n → Rn+1 with the affine
mean curvature
L1 =
1
fKC
, C :=

f−1K
K∏
a=1
c
2(na+1)
a
(na + 1)na+1(−
(a)
L 1)na+2


1
n+2
, (3.4)
where n = fK − 1, M
n = RK−1 ×Mn1 × · · · ×MnK and
x(t1, · · · , tK−1, p1, · · · , pK) := (c1e1x1(p1), c2e2x2(p2), · · · , cKeKxK(pK)),
∀(t1, · · · , tK−1, p1, · · · , pK) ∈M
n. (3.5)
Moreover, for given positive numbers c1, · · · , cK, there exits some c > 0 and c
′ > 0 such that the
following three hyperbolic affine hyperspheres
x := (c1e1x1, c2e2x2, · · · , cKeKxK),
x¯ := c(e1x1, e2x2, · · · , eKxK),
x˜ := (e1x1, e2x2, · · · , c
′eKxK)
are equiaffine equivalent to each other.
Definition 3.2. The hyperbolic affine hypersphere x in the above proposition is called the Calabi
composition of the given hyperbolic affine hyperspheres xa, a = 1, · · · ,K.
Proof of Theorem 3.1
Let (via , 1 ≤ ia ≤ na) be a local coordinate system on M
na . Define
uλ = tλ, ui¯a = via ; xa,ia =
∂xa
∂via
, xa,iaja =
∂2xa
∂via∂vja
;
(a)
h iaja = det(xa,1, · · · , xa,na , xa,iaja).
Then the affine metric
(a)
g =
∑
ia,ja
(a)
g iajadv
iadvja is given by
(a)
g iaja = H
− 1
na+2
(a)
(a)
h iaja , H(a) := | det(
(a)
h iaja)|.
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If we denote hij = det(
∂x
∂u1
, · · · , ∂x
∂un
, ∂
2x
∂ui∂uj
), then a long but direct computation, using Proposition 2.1
and the definition of the affine normals ξa (1 ≤ a ≤ K), concludes that
hλµ =ε
K∏
a=1
cna+1a H
1
na+2
(a)
(na + 1)(−
(a)
L 1)
fλ+1
(nλ+1 + 1)fλ
δλµ, hλi¯a = 0, (3.6)
hi¯a j¯b =ε
K∏
c=1
cnc+1c H
1
nc+2
(c)
(nc + 1)(−
(c)
L 1)
(na + 1)(−
(a)
L 1)
H
1
na+2
(a)
(a)
h iajaδab, (3.7)
where ε = (−1)(K+1)n1+Kn2+···+3nK−1 . By suitably choosing the orientation of RK−1, if necessary, we
can reasonably take ε = 1. It then follows that
H :=| det(hij)1≤i,j≤n| =
∣∣∣∣det diag
(
h11, · · · , hK−1K−1, (
(1)
h i1j1)n1×n1 , · · · , (
(K)
h iKjK )nK×nK
)∣∣∣∣
=
∏
λ

 K∏
a=1
cna+1a H
1
na+2
(a)
(na + 1)(−
(a)
L 1)
fλ+1
(nλ+1 + 1)fλ

 ·∏
a

 K∏
b=1
cnb+1b H
1
nb+2
(b)
(nb + 1)(−
(b)
L 1)
(na + 1)(−
(a)
L 1)
H
1
na+2
(a)


na
| det(
(a)
h iaja)|
=

 K∏
a=1
cna+1a H
1
na+2
(a)
(na + 1)(−
(a)
L 1)


K−1
·
∏
λ
fλ+1
(nλ+1 + 1)fλ
×
×

 K∏
b=1
cnb+1b H
1
nb+2
(b)
(nb + 1)(−
(b)
L 1)


∑
a na
·
∏
a

 (na + 1)(−(a)L 1)
H
1
na+2
(a)


na
H(a)
=

 K∏
a=1
cna+1a H
1
na+2
(a)
(na + 1)(−
(a)
L 1)


∑
a na+K−1
·
∏
λ
fλ+1
(nλ+1 + 1)fλ
·
∏
a

(na + 1)(−(a)L 1)
H
1
na+2
(a)


na
H(a)
=
∏
a
c
(na+1)(fK−1)
a H
fK+1
na+2
(a)
(na + 1)fK−na−1(−
(a)
L 1)fK−na−1
·
∏
λ
fλ+1
(nλ+1 + 1)fλ
(3.8)
Since f1 = n1 + 1, we have
∏
λ
fλ+1
(nλ+1 + 1)fλ
=
f2
(n2 + 1)f1
·
f3
(n3 + 1)f2
· · · · · · ·
fK
(nK + 1)fK−1
= fK
(∏
a
(na + 1)
)−1
. (3.9)
Note that fK = n+ 1. It follows that
H = fK
∏
a
c
(na+1)(fK−1)
a H
fK+1
na+2
(a)
(na + 1)fK−na(−
(a)
L 1)fK−na−1
, H−
1
n+2 = f
− 1
n+2
K
∏
a
(na + 1)
fK−na
fK+1 (−
(a)
L 1)
fK−na−1
fK+1(
cna+1a
) fK−1
fK+1 H
1
na+2
(a)
. (3.10)
Therefore the affine metric g =
∑
ij gij of the hypersurface x is given by
gλµ =H
− 1
n+2hλµ
=f
− 1
n+2
K
∏
a
(na + 1)
fK−na
fK+1 (−
(a)
L 1)
fK−na−1
fK+1(
cna+1a
) fK−1
fK+1 H
1
na+2
(a)
·
K∏
a=1
cna+1a H
1
na+2
(a)
(na + 1)(−
(a)
L 1)
fλ+1
(nλ+1 + 1)fλ
δλµ
=
fλ+1C
(nλ + 1)fλ
δλµ, (3.11)
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gi¯a j¯b =H
− 1
n+2hiajb
=f
− 1
n+2
K
∏
b
(nb + 1)
fK−nb
fK+1 (−
(b)
L1)
fK−nb−1
fK+1(
cnb+1b
) fK−1
fK+1 H
1
nb+2
(b)
·
K∏
b=1
cnb+1b H
1
nb+2
(b)
(nb + 1)(−
(b)
L 1)
(na + 1)(−
(a)
L 1)
H
1
na+2
(a)
(a)
h iajaδab
=(na + 1)(−
(a)
L 1)C
(a)
g iajaδab, , (3.12)
gλi¯a =0, (3.13)
in which the constant C is defined by (3.4). It follows that
G := det(gij) = det diag(g11, · · · , gK−1K−1, (gi¯1 j¯1), · · · (gi¯K j¯K )) = g11 · · · gK−1K−1
∏
a
det(gi¯aj¯a)
=CK−1
∏
λ
fλ+1
(nλ+1 + 1)fλ
·
∏
a
((
(na + 1)(−
(a)
L 1)
)na
· Cna det(
(a)
g iaja)
)
=CfK−1
∏
λ
fλ+1
(nλ+1 + 1)fλ
·
∏
a
((
(na + 1)(−
(a)
L 1)
)na (a)
G
)
=CfK−1fK
∏
a
(
(na + 1)
na−1(−
(a)
L 1)
na
(a)
G
)
,
where the last equality uses (3.9).
On the other hand, from (3.11), (3.12) and (3.13) we find that
gλµ =
(nλ + 1)fλ
fλ+1C
δλµ, gi¯a j¯b =
(
(na + 1)(−
(a)
L 1)C
)−1
(a)
g iajaδab, gλi¯a = 0. (3.14)
Note that
∂ea
∂tλ
= ea ·


0, if 0 ≤ λ ≤ a− 2;
− 1
na+1
, if λ = a− 1;
1
fλ
, if a ≤ λ ≤ K − 1.
(3.15)
Thus
∂2ea
(∂tλ)2
= ea ·


0, if 0 ≤ λ ≤ a− 2;
1
(na+1)2
, if λ = a− 1;
1
f2
λ
, if a ≤ λ ≤ K − 1.
(3.16)
Consequently
∑
λ
gλλ
∂2ea
(∂tλ)2
=ga−1 a−1 ·
1
(na + 1)2
ea +
∑
λ≥a
gλλ
1
f2λ
ea
=
ea
C

 fa−1
(na + 1)fa
+
∑
λ≥a
nλ+1 + 1
fλ+1fλ


=
ea
C

 fa−1
(na + 1)fa
+
∑
λ≥a
(
1
fλ
−
1
fλ+1
)
=
ea
C
((
1
na + 1
−
1
fa
)
+
(
1
fa
−
1
fK
))
=
ea
C
(
1
na + 1
−
1
fK
)
. (3.17)
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Moreover, for each a
1√
|G|
∑
ia,ja
∂
∂ui¯a
(
gi¯aj¯a
√
|G|caea
∂xa
∂uj¯a
)
= caea
(
CfK−1fK
∏
b
(
(nb + 1)
nb−1(−
(b)
L1)
nb |
(b)
G|
))− 12
×
×
∑
ia,ja
∂
∂via


(
CfK−1fK
∏
b
(
(nb + 1)
nb−1(−
(b)
L1)
nb |
(b)
G|
)) 12 (
(na + 1)(−
(a)
L 1)C
)−1
(a)
g iaja
∂xa
∂vja


=
caea
(na + 1)(−
(a)
L 1)C
1√
|
(a)
G|
∑
ia,ja
∂
∂via

(a)g iaja
√
|
(a)
G|
∂xa
∂vja


=
caea
(na + 1)(−
(a)
L 1)C
∆(a)
g
(xa) =
na
(na + 1)C
caeaxa, (3.18)
where we have used the fact that (see Proposition 2.1)
∆(a)
g
(xa) = naξa = na(−
(a)
L 1)xa. (3.19)
Now we can use (3.17) and (3.18) to compute the Laplacian of x with the metric g as follows:
∆g (x) =
∑
i,j
1√
|G|
∂
∂ui
(√
|G|gij
∂x
∂uj
)
=
1√
|G|
∑
λ
∂
∂tλ
(√
|G|gλλ
∂x
∂tλ
)
+
∑
a,ia,ja
1√
|G|
∂
∂ui¯a
(√
|G|gi¯a j¯a
∂x
∂uj¯a
)
=
(
· · · , caxa
∑
λ
1√
|G|
∂
∂tλ
(√
|G|gλλ
∂ea
∂tλ
)
+
1√
|G|
∂
∂ui¯a
(
gi¯aj¯a
√
|G|caea
∂xa
∂uj¯a
)
, · · ·
)
=
(
· · · , caxa
ea
C
(
1
na + 1
−
1
fK
)
+
na
(na + 1)C
caeaxa, · · ·
)
=
(
· · · ,−
fK−1
fKC
caeaxa, · · ·
)
= −
fK−1
fKC
x. (3.20)
Thus we find the affine normal
ξ =
1
n
∆g x = −
1
fKC
x, (3.21)
which, via Propostion 2.1, proves that x is a hyperbolic affine hypersphere with affine mean curvature
L1 = −
1
fKC
. (3.22)
Finally, for any set of c1, · · · , cK , take c =
(∏
a c
na+1
a
) 1
fK and c′ =
∏
a c
na+1
a . Then it is easily seen
that x, x¯ and x˜ are equiaffine equivalent each other. ⊔⊓
3.3. The induced affine connection.
Later in this section, we shall compute the Fubini-Pick form of x. To this end, we first need to find
the induced affine connection or, equivalently, the corresponding connection forms ωji = Γ
j
ikω
k, where
{ωi, ωn+1} is the dual coframe of the unimodular frame { ∂x
∂ui
, en+1}.
Since xa and x are hyperbolic affine hyperspheres, we have
∂2xa
∂via∂vja
+
(a)
giaja
(a)
L 1xa =
∑
ka
(a)
Γ
ka
iaja
∂xa
∂vka
,
∂2x
∂ui∂uj
+ gijL1x =
∑
k
Γkij
∂x
∂uk
. (3.23)
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Lemma 3.1. It holds that
Γk¯b
i¯a j¯a
=
(a)
Γ
ka
iaja
δba, Γ
λ
i¯a j¯a
=


0, if 1 ≤ λ ≤ a− 2;
(na+1)fa−1
fa
(a)
L 1
(a)
g iaja , if λ = a− 1;
−
(na+1)(nλ+1+1)
fλ+1
(a)
L 1
(a)
g iaja , if a ≤ λ ≤ K − 1.
(3.24)
Proof. Directly we compute
∂2x
∂ui¯a∂uj¯a
+ gi¯a j¯aL1x
=
(
0, · · · , caea
∂2xa
∂via∂vja
, · · · , 0
)
+ (na + 1)
(
−
(a)
L 1
)
C
(a)
g iaja
(
−
1
fKC
)
(· · · , cbebxb, · · · )
=
(
0, · · · , caea
(a)
g iaja
(a)
L 1xa +
∑
ka
(a)
Γ
ka
iaja
∂xa
∂vka
, · · · , 0
)
+
(na + 1)
(a)
L 1
fK
(a)
g iaja(· · · , cbebxb, · · · )
=

c1e1 (na + 1)
(a)
L 1
fK
(a)
giajax1, · · · , caea
(a)
L 1

(na + 1) (a)L 1
fK
− 1

(a)g iajaxa + caea∑
ka
(a)
Γ
ka
iaja
∂xa
∂vka
,
· · · , cKeK
(na + 1)
(a)
L 1
fK
(a)
giajaxK

 . (3.25)
On the other hand, by using (3.15) it is easy to find that, for each b = 1, 2, · · · ,K
∑
k
Γki¯a j¯a
∂x
∂uk
=
∑
λ
Γλi¯aj¯a
∂x
∂tλ
+
∑
b,kb
Γk¯b
i¯aj¯a
∂x
∂uk¯b
=
(
· · · , cb
∑
λ
Γλi¯a j¯a
∂eb
∂tλ
xb, · · ·
)
+
∑
b,kb
Γk¯b
i¯a j¯b
(
0, · · · , cbeb
∂xb
∂vkb
, · · ·
)
=

· · · ,

− 1
nb + 1
Γb−1
i¯a j¯a
+
∑
λ≥b
1
fλ
Γλi¯a j¯a

 cbebxb, · · ·

+
(
· · · , cbeb
∑
kb
Γk¯b
i¯aj¯a
∂xb
∂vkb
, · · ·
)
=

· · · ,

− 1
nb + 1
Γb−1
i¯a j¯a
+
∑
λ≥b
1
fλ
Γλi¯a j¯a

 cbebxb + cbeb∑
kb
Γk¯b
i¯a j¯a
∂xb
∂vkb
, · · ·

 . (3.26)
It then follows from (3.23), (3.25) and (3.26) that
− 1
nb + 1
Γb−1
i¯a j¯a
+
∑
λ≥b
1
fλ
Γλi¯a j¯a

 cbebxb + cbeb∑
kb
Γk¯b
i¯a j¯a
∂xb
∂vkb
=


cbeb
(na+1)
(a)
L1
fb
(a)
giajaxb, if b 6= a;
caea
(a)
L 1
(
na+1
fK
− 1
)(a)
g iajaxa + caea
∑
ka
(a)
Γ
ka
iaja
∂xa
∂vka
, if b = a
(3.27)
From (3.27) we find that
Γk¯a
i¯aj¯a
=
(a)
Γ
ka
iaja
, Γk¯b
i¯aj¯a
= 0, if b 6= a.
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Moreover, (3.27) also implies the following linear system for Γλ
i¯a j¯a
:

1
n1+1
1
f2
1
f3
· · · 1
fa−1
1
fa
1
fa+1
· · · 1
fK−2
1
fK−1
− 1
n2+1
1
f2
1
f3
· · · 1
fa−1
1
fa
1
fa+1
· · · 1
fK−2
1
fK−1
0 − 1
n3+1
1
f3
· · · 1
fa−1
1
fa
1
fa+1
· · · 1
fK−2
1
fK−1
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 1
fa−1
1
fa
1
fa+1
· · · 1
fK−2
1
fK−1
0 0 0 · · · − 1
na+1
1
fa
1
fa+1
· · · 1
fK−2
1
fK−1
0 0 0 · · · 0 − 1
na+1+1
1
fa+1
· · · 1
fK−2
1
fK−1
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 0 0 · · · − 1
nK−1+1
1
fK−1
0 0 0 · · · 0 0 0 · · · 0 − 1
nK+1




Γ1
i¯a j¯a
Γ2
i¯a j¯a
Γ3
i¯a j¯a
...
Γλ
i¯a j¯a
...
ΓK−1
i¯a j¯a


=
(
na + 1
fK
(a)
L 1
(a)
giaja ,
na + 1
fK
(a)
L 1
(a)
g iaja , · · · ,
na + 1
fK
(a)
L 1
(a)
giaja ,
(
na + 1
fK
− 1
)
(a)
L 1
(a)
g iaja , · · · ,
na + 1
fK
(a)
L 1
(a)
g iaja
)t
. (3.28)
It is not hard to show that the linear system (3.28) is equivalent to

f2
(n1+1)(n2+1)
0 0 · · · 0 0 0 · · · 0 0
− 1
n2+1
f3
(n3+1)f2
0 · · · 0 0 0 · · · 0 0
0 − 1
n3+1
f4
(n4+1)f3
· · · 0 0 0 · · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · fa(na+1)fa−1 0 0 · · · 0 0
0 0 0 · · · − 1
na+1
fa+1
(na+1+1)fa
0 · · · 0 0
0 0 0 · · · 0 − 1
na+1+1
fa+2
(na+2+1)fa+1
· · · 0 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0 0 0 · · ·− 1
nK−1+1
fK
(nK+1)fK−1
0 0 0 · · · 0 0 0 · · · 0 − 1
nK+1




Γ1
i¯aj¯a
Γ2
i¯aj¯a
Γ3
i¯aj¯a
...
...
Γλ
i¯aj¯a
...
...
ΓK−1
i¯a j¯a


=
(
0, 0, · · · ,
(a)
L 1
(a)
g iaja ,−
(a)
L 1
(a)
g iaja , 0, · · · , 0,
na + 1
fK
(a)
L 1
(a)
g iaja
)t
. (3.29)
From (3.29) we easily find each Γλiaja as listed in (3.24). ⊔⊓
Lemma 3.2. It holds that
Γνλµ = δ
ν
λ
1
fµ
, for λ < µ; Γνλµ = δ
ν
µ
1
fλ
, for λ > µ, (3.30)
Γλλλ =
1
fλ
−
1
nλ+1 + 1
, (3.31)
Γµλλ =
{
(nµ+1+1)fλ+1
(nλ+1+1)fµ+1fλ
, for λ+ 1 ≤ µ ≤ K − 1,
0, otherwise;
(3.32)
Γi¯aλµ = 0. (3.33)
Proof. Case (1) For λ < µ, Consider
∂2x
∂tλ∂tµ
+ gλµL1x =
∑
ν
Γνλµ
∂x
∂tν
+
∑
ia
Γi¯aλµ
∂x
∂ui¯a
.
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Similar to the case in the proof of Lemma 3.1, we can find that Γi¯aλµ = 0 and, for λ < µ,
−
1
na + 1
Γa−1λµ +
K−1∑
ν=a
1
fν
Γνλµ =


1
fλfµ
, if 1 ≤ a ≤ λ;
− 1(nλ+1+1)fµ , if a = λ+ 1;
0, if a ≥ λ+ 2.
(3.34)
It follows that Γνλµ, ν = 1, · · · ,K − 1, satisfy a linear system same as (3.28) with the right hand side
being replaced by (
1
fλfµ
, · · · ,
1
fλfµ
,−
1
(nλ+1 + 1)fµ
, 0, · · · , 0
)t
.
This new system is equivalent to the system (3.29) with the right hand side being replaced by(
0, · · · , 0,
fλ+1
(nλ+1 + 1)fλfµ
,−
1
(nλ+1 + 1)fµ
, · · · , 0
)t
.
Thus we easily find the expression of each Γνλµ as in (3.30).
Case (2) For µ = λ, Consider
∂2x
(∂tλ)2
+ gλλL1x =
∑
µ
Γµλλ
∂x
∂tµ
+
∑
ia
Γi¯aλλ
∂x
∂ui¯a
,
which shows in the same way that Γi¯aλλ = 0 and
−
1
na + 1
Γa−1λλ +
K−1∑
µ=a
1
fµ
Γµλλ =


1
fλ
(
1
fλ
−
fλ+1
(nλ+1+1)fK
)
, if 1 ≤ a ≤ λ;
1
nλ+1+1
(
1
nλ+1+1
− 1
fλfK
)
, if a = λ+ 1;
−
fλ+1
(nλ+1+1)fλfK
, if a ≥ λ+ 2.
(3.35)
Therefore, Γ1λλ, · · · , Γ
K−1
λλ satisfy the system same as in (3.28) with the right hand side being replaced
by (
1
fλ
(
1
fλ
−
fλ+1
(nλ+1 + 1)fK
)
, · · · ,
1
fλ
(
1
fλ
−
fλ+1
(nλ+1 + 1)fK
)
,
1
nλ+1 + 1
(
1
nλ+1 + 1
−
1
fλfK
)
,−
fλ+1
(nλ+1 + 1)fλfK
, · · · ,−
fλ+1
(nλ+1 + 1)fλfK
)t
,
which is equivalent to the system (3.29) with the right hand side being replaced by(
0, · · · , 0,
1
f2λ
−
1
(nλ+1 + 1)2
,
1
(nλ+1 + 1)2
, 0, · · · ,−
fλ+1
(nλ+1 + 1)fλfK
)t
.
Then it is easy to get Γ1λλ, · · · , Γ
K−1
λλ as in (3.33). ⊔⊓
Lemma 3.3. It holds that
Γµ
λi¯a
= 0, Γj¯b
λi¯a
= δbaδ
ja
ia
·


0, if 1 ≤ λ ≤ a− 2;
− 1
na+1
, if λ = a− 1;
1
fλ
, if a ≤ λ ≤ K − 1.
(3.36)
Γλi¯aj¯b = Γ
k¯c
i¯a j¯b
= 0, if a 6= b. (3.37)
Proof. To prove (3.36), it suffices to consider
∂2x
∂tλ∂ui¯a
+ L1gλi¯a = Γ
µ
λi¯a
∂x
∂tµ
+ Γj¯b
λi¯a
∂x
∂uj¯b
,
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which is equivalent to that Γj¯b
λi¯a
= 0 and
−
1
nb + 1
Γb−1
λi¯a
+
K−1∑
µ=b
1
fµ
Γµ
λi¯a
= 0, (3.38)
Γj¯b
λi¯a
= δbaδ
ja
ia


0, if 1 ≤ λ ≤ a− 2;
− 1
na+1
, if λ = a− 1;
1
fλ
, if a ≤ λ ≤ K − 1.
(3.39)
This proves (3.36).
Moreover, if a 6= b, we have that
∂2x
∂ui¯a∂ui¯b
+ L1gi¯a j¯b = 0,
implying the vanishing of Γλ
i¯a j¯b
and Γk¯c
i¯a j¯b
for a 6= b. ⊔⊓
Let { ∂x
∂ui
, en+1} and {
∂xa
∂via
, e
(a)
na+1
} (a = 1, · · · ,K) be unimodular with en+1 and e
(a)
na+1
(a = 1, · · · ,K)
parallel to the corresponding affine normals. We denote by ωji , ω
n+1
n+1 (resp.
(a)
ω jaia ,
(a)
ω na+1na+1) the induced
affine connection form of the hyperbolic affine hypersphere x (resp. xa). Then we have ([15]):
ωn+1n+1 +
1
n+ 2
d logH = 0,
(a)
ω na+1na+1 +
1
na + 2
d logH(a) = 0, a = 1, · · · ,K. (3.40)
Then by (3.40) and Lemmas 3.1–3.3 we have the following corollary:
Corollary 3.1. The induced affine connection forms {ωji , ω
n+1
n+1} with respect to {
∂x
∂ui
, en+1} are given
by
ωλλ =
∑
µ
Γλλµdt
µ +
∑
a,ia
Γλλi¯adu
i¯a =
∑
λ
(
1
fλ
−
1
nλ+1 + 1
)
dtλ +
∑
µ>λ
1
fµ
dtµ; (3.41)
ωµλ =
∑
ν
Γµλνdt
ν +
∑
a,ia
Γµ
λi¯a
dui¯a =
nµ+1
fµ+1
∑
ν
fν+1
(nν+1)fν
dtν , for λ < µ; (3.42)
ωµλ =
∑
ν
Γµλνdt
µ +
∑
a,ia
Γµ
λi¯a
dui¯a =
1
fλ
dtµ, for λ > µ; (3.43)
ωi¯aλ =
∑
µ
Γi¯aλµdt
µ +
∑
b,jb
Γi¯a
λj¯b
duj¯b = −
1
nλ + 1
∑
j¯λ+1
duj¯λ+1 +
1
fλ
λ∑
a=1
∑
j¯a
duj¯a ; (3.44)
ωλi¯a =
∑
µ
Γλi¯aµdt
µ +
∑
b,jb
Γλi¯a j¯bdu
j¯b =
(nλ+1 + 1)fλ
fλ+1
(λ+1)
L 1
(λ+1)
g iλ+1jλ+1du
j¯λ+1 ; (3.45)
ωjbia =
∑
λ
Γj¯b
i¯aλ
dtλ +
∑
c,kc
Γj¯b
i¯ak¯c
duk¯c = −
1
na + 1
δbaδ
j¯b
i¯a
dta−1 + δba
∑
λ≥a
1
fλ
δjbiadt
λ + δba
(a)
ω jaia ; (3.46)
ωn+1n+1 =
∑
a
(a)
ω na+1na+1. (3.47)
3.4. The Fubini-Pick form. Now we want to compute the Fubini-Pick form. To do this, the first step
is to find the components hijk which are defined by (2.13), namely∑
k
hijkω
k = dhij + hijω
n+1
n+1 −
∑
k
hkjω
k
i −
∑
k
hikω
k
j . (3.48)
14 XINGXIAO LI
Similarly, we define
(a)
h iajaka for each a by∑
ka
(a)
h iajaka
(a)
ω ka = d
(a)
h iaja+
(a)
h iaja
(a)
ω na+1na+1 −
∑
ka
(a)
h kaja
(a)
ω kaia −
∑
ka
(a)
h iaka
(a)
ω kaja . (3.49)
Lemma 3.4. The possibly non-zero components among hijk are as follows:
hλλλ = −2

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 fλ+1
(nλ+1 + 1)fλ
(
1
fλ
−
1
nλ+1 + 1
)
, (3.50)
hλλµ = −2

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 fλ+1
(nλ+1 + 1)fλfµ
, λ < µ, (3.51)
hi¯aj¯ak¯a =

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 (na + 1)(−(a)L 1)H− 1na+2(a) (a)h iajaka , (3.52)
hi¯aj¯a a−1 =
2
(na + 1)C

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 gi¯a j¯a , (3.53)
hi¯aj¯aλ = −
2
fλC

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 gi¯aj¯a , λ ≥ a. (3.54)
Proof. Firstly we compute hλµk. For this we use (3.48), (3.49) and Corollary 3.1 to find∑
k
hλµkω
k =dhλµ + hλµω
n+1
n+1 −
∑
ν
hνµω
ν
λ −
∑
ν
hλνω
ν
µ
=
∏
a
cna+1a
(na + 1)
(
−
(a)
L 1)
·
fλ+1
(nλ+1 + 1)fλ
d
(∏
a
H
1
na+2
(a)
)
δλµ
+
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fλ+1(nλ+1 + 1)fλ δλµωn+1n+1
−
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fν+1(nν+1 + 1)fν δνµωνλ
−
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fλ+1(nλ+1 + 1)fλ δλνωνµ (3.55)
But by (3.40) and (3.10)
ωn+1n+1 = −
1
n+ 2
d logH = −
1
n+ 2
d log
(∏
a
H
n+2
na+2
(a)
)
= −
∏
a
H
− 1
na+2
(a) d
(∏
a
H
1
na+2
(a)
)
.
Thus (∏
H
1
na+2
(a)
)
ωn+1n+1 + d
∏
a
H
1
na+2
(a) = 0. (3.56)
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This with (3.55) gives
∑
k
hλµkω
k = −
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
)
(
fµ+1
(nµ+1 + 1)fµ
ωµλ +
fλ+1
(nλ+1 + 1)fλ
ωλµ
)
. (3.57)
Case 1. λ = µ. Then
∑
k
hλλkω
k =− 2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) fλ+1(nλ+1 + 1)fλωλλ
=− 2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) fλ+1(nλ+1 + 1)fλ

( 1
fλ
−
1
nλ+1 + 1
)
dtλ +
K−1∑
µ=λ+1
1
fµ
dtµ

 . (3.58)
It follows that hλλi¯a = 0 and
hλλλ = −2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fλ+1(nλ+1 + 1)fλ
(
1
fλ
−
1
nλ+1 + 1
)
, (3.59)
hλλµ = −2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fλ+1(nλ+1 + 1)fλfµ , λ+ 1 ≤ µ ≤ K − 1. (3.60)
Case 2. λ < µ. In this case we have by (3.57) and Corollary 3.1
∑
k
hλµkω
k =−
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) ·
(
fµ+1
(nµ+1 + 1)fµ
·
(nµ+1 + 1)fλ+1
(nλ+1 + 1)fµ+1fλ
dtλ +
fλ+1
(nλ+1 + 1)fλ
·
1
fµ
dtλ
)
=− 2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) ·
(
fλ+1
(nλ+1 + 1)fλfµ
dtλ
)
. (3.61)
Thus hλµi¯a = 0 for λ < µ and
hλµλ = −2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fλ+1(nλ+1 + 1)fλfµ , (3.62)
hλµν = 0, for ν 6= λ. (3.63)
Case 3. λ > µ. In this case we have
∑
k
hλµkω
k =−
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) ·
(
fµ+1
(nµ+1 + 1)fµ
·
1
fλ
dtµ +
fλ+1
(nλ+1 + 1)fλ
·
(nλ+1 + 1)fµ+1
(nµ+1 + 1)fλ+1fµ
dtµ
)
=− 2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) ·
(
fµ+1
(nµ+1 + 1)fµfλ
dtµ
)
. (3.64)
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Thus we have hλµi¯a = 0 for λ > µ and
hλµµ = −2
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) · fµ+1(nµ+1 + 1)fµfλ , (3.65)
hλµν = 0, for ν 6= µ. (3.66)
Secondly we compute hλi¯ak. This time we use the formula∑
k
hλi¯akω
k =dhλi¯a + hλi¯aω
n+1
n+1 −
∑
k
hki¯aω
k
λ −
∑
k
hλkω
k
i¯a
=−
∑
µ
hµi¯aω
µ
λ −
∑
b,jb
hj¯b i¯aω
j¯b
λ −
∑
µ
hλµω
µ
i¯a
−
∑
b,jb
hλj¯bω
j¯b
i¯a
= 0. (3.67)
Consequently hλi¯ak = 0, implying that hi¯aλk = 0 by the symmetry.
Now we are left hi¯aj¯bk to compute. Note by (3.7) that
hi¯a j¯b =

∏
c
cnc+1c
(nc + 1)
(
−
(c)
L1)

 (na + 1)(−(a)L 1)
(∏
c
H
1
nc+2
(c)
)
H
− 1
na+2
(a)
(a)
h iajaδab
=c¯a

∏
c 6=a
H
1
nc+2
(c)

 (a)h iajaδab, (3.68)
where
c¯a =

∏
c
cnc+1c
(nc + 1)
(
−
(c)
L1)

 (na + 1)(−(a)L 1).
Case 1: b = a. We have
dhi¯a j¯a = c¯ad

∏
b6=a
H
1
nb+2
(b)

 (a)h iaja + c¯a

∏
b6=a
H
1
nb+2
(b)

 d (a)h iaja .
It follows that∑
k
hi¯a j¯akω
k= dhi¯aj¯a + hi¯a j¯aω
n+1
n+1 −
∑
ka
hk¯aj¯aω
k¯a
i¯a
−
∑
ka
hi¯ak¯aω
k¯a
j¯a
=c¯ad

∏
b6=a
H
1
nb+2
(b)

 (a)h iaja+ c¯a

∏
b6=a
H
1
nb+2
(b)

 d (a)h iaja+ c¯a

∏
b6=a
H
1
nb+2
(b)

 (a)h iaja∑
b
(b)
ωnb+1nb+1
− c¯a

∏
b6=a
H
1
nb+2
(b)


(∑
ka
(a)
h kajaω
k¯a
i¯b
+
∑
ka
(a)
h iakaω
k¯a
j¯a
)
=c¯ad

∏
b6=a
H
1
nb+2
(b)

 (a)h iaja + c¯a

∏
b6=a
H
1
nb+2
(b)

(d (a)h iaja+ (a)h iaja(a)ω na+1na+1
−
∑
ka
(a)
h kaja
(a)
ω kaia −
∑
ka
(a)
h iaka
(a)
ω kaja
)
+ c¯a

∏
b6=a
H
1
nb+2
(b)

∑
b6=a
(b)
ωnb+1nb+1
(a)
h iaja
− c¯a

∏
b6=a
H
1
nb+2
(b)

∑
ka

− 1
na + 1
δkaia dt
a−1 +
∑
λ≥a
1
fλ
δkaia dt
λ

 (a)h kaja
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− c¯a

∏
b6=a
H
1
nb+2
(b)

∑
ka

− 1
na + 1
δkaia dt
a−1 +
∑
λ≥a
1
fλ
δkaia dt
λ

 (a)h kaja
=c¯a

d

∏
b6=a
H
1
nb+2
(b)

 +

∏
b6=a
H
1
nb+2
(b)

∑
b6=a
(b)
ωnb+1nb+1

 (a)h iaja + c¯a

∏
b6=a
H
1
nb+2
(b)

∑
ka
(a)
h iajaka
(a)
ω ka
− c¯a

∏
b6=a
H
1
nb+2
(b)



− 2
na + 1
dta−1 +
∑
λ≥a
2
fλ
dtλ

 (a)h iaja
=c¯a
(∏
b
H
1
nb+2
(b)
)
H
− 1
na+2
(a)
∑
ka
(a)
h iajaka
(a)
ω ka +
2
na + 1
c¯a
(∏
b
H
1
nb+2
(b)
)
H
− 1
na+2
(a)
(a)
h iajadt
a−1
− c¯a
(∏
b
H
1
nb+2
(b)
)
H
− 1
na+2
(a)
(a)
h iaja
∑
λ≥a
2
fλ
dtλ. (3.69)
Therefore
hi¯a j¯a a−1 =
2
na + 1

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 (na + 1)(−(a)L 1)H− 1na+2(a) (a)h iaja
=
2
(na + 1)C

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 gi¯aj¯a ,
hi¯aj¯a λ =−
2
fλC

∏
b
cnb+1b H
1
nb+2
(b)
(nb + 1)
(
−
(b)
L1
)

 gi¯aj¯a , a ≤ λ ≤ K − 1,
hi¯aj¯ak¯b =c¯a
(∏
c
H
1
nc+2
(c)
)
H
− 1
na+2
(a)
(a)
h iajakaδab
=

∏
c
cnc+1c H
1
nc+2
(c)
(nc + 1)
(
−
(c)
L1
)

 (na + 1)(−(a)L 1)H− 1na+2(a) (a)h iajakaδab. (3.70)
Case 2: a 6= b. By the fact that hiajb = 0 (see (3.7)) and ω
j¯b
i¯a
= 0 (see (3.46)), we easily find that
hi¯a j¯bk = 0 for all k = 1, · · · , n. ⊔⊓
Now let
(a)
A iajaka be the components of the Fubini-Pick form of the hyperbolic affine hypersphere,
a = 1, · · · ,K. Then we have
Proposition 3.4. The possibly non-zero components of the Fubini-Pick form of the hyperbolic affine
hypersphere x are as follows:
Aλλλ =
fλ+1C
(nλ+1+1)fλ
(
1
fλ
− 1
nλ+1+1
)
, (3.71)
Aλλµ =
fλ+1C
(nλ+1+1)fλfµ
, λ < µ, (3.72)
Ai¯a j¯a a−1 = −
1
na+1
gi¯aj¯a = −
(a)
L 1C
(a)
g iaja , (3.73)
Ai¯a j¯aλ =
1
fλ
gi¯aj¯a =
(na+1)
(
−
(a)
L1
)
C
fλ
(a)
g iaja , λ ≥ a, (3.74)
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Ai¯a j¯ak¯a = (na + 1)
(
−
(a)
L 1
)
C
(a)
A iajaka . (3.75)
Proof. We shall use formula (2.14) to find the Fubini-Pick form of x. Note that fK + 1 = n + 2.
Thus, by (3.10) and the definition of the constant C in (3.4), it holds that
H−
1
n+2 ·
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) = f−
1
n+2
K
∏
a
(na + 1)
fK−na
fK+1 (−
(a)
L 1)
fK−na−1
fK+1(
cna+1a
) fK−1
fK+1 H
1
na+2
(a)
·
∏
a
cna+1a H
1
na+2
(a)
(na + 1)
(
−
(a)
L 1
) = C. (3.76)
Then the present proposition follows readily from Lemma 3.4. ⊔⊓
The Levi-Civita connection ωji = Γ
j
ikdu
k of the Berwald-Blaschke g of x is defined by
Γ
j
ik =
1
2
gjl
(
∂gil
∂uk
+
∂gkl
∂ui
−
∂gik
∂uj
)
.
Similarly defined, for each a, is the Levi-Civita connection
(a)
ω jaia =
(a)
Γjaiakadv
ka of the metric
(a)
g of xa.
Those formulas together with (3.11)–(3.13) show that
ωµλ = ω
i¯a
λ = ω
λ
i¯a
= 0, ωj¯b
i¯a
= δba
(a)
ω jaia . (3.77)
An application of Proposition 3.4 and (3.77) proves the following
Proposition 3.5. (cf. [3], Proposition 2) With respect to the Levi-Civita connections, the Calabi
composition x is of parallel Fubini-Pick form if and only if each factor xa is.
4. Extending to the zero dimensional factors—a more general formula
Now we extend the Calabi composition discussed above to some more general setting.
For each point in R different from the origin or, equivalently, for each nonzero number c, we can view
it as a zero-dimensional “hyperbolic affine hypersphere” immersed in R with the affine mean curvature
being −1. In this sense, we may allow some or all of the factors xa of the Calabi composition to be
replaced by some given points or some given positive numbers. In fact, a step-by-step examination shows
that all the argument and the computations in the previous subsections apply in this general situation.
Without loss of generality, we can normalize these given 0-dimensional factors to be 1. Thus all the
conclusions we have obtained previously remain true if we allow some or all of na’s to be zero. For
example, Theorem 3.1 can be refreshed as follows:
Theorem 4.1. Let r, s be two nonnegative integers with K := r + s ≥ 2 and xα : M
nα → Rnα+1,
1 ≤ α ≤ s, be hyperbolic affine hyperspheres of dimension nα > 0 with affine mean curvatures
(α)
L 1 and
with the origin their common affine center. Then, for any K positive numbers c1, · · · , cK , we have a new
hyperbolic affine hypersphere x :Mn → Rn+1 with the affine mean curvature
L1 = −
1
(n+ 1)C
, C :=

 1
n+ 1
r∏
a=1
c2a ·
s∏
α=1
c
2(nα+1)
r+α
(nα + 1)nα+1(−
(α)
L 1)nα+2


1
n+2
, (4.1)
where n =
∑
α nα +K − 1, M
n = RK−1 ×Mn1 × · · · ×Mns and
x(t1, · · · , tK−1, p1, · · · , ps) := (c1e1, · · · , crer, cr+1er+1x1(p1), · · · , cKeKxs(ps)),
∀(t1, · · · , tK−1, p1, · · · , ps) ∈M
n. (4.2)
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Moreover, for given positive numbers c1, · · · , cK, there exits some c > 0 and c
′ > 0 such that the
following three hyperbolic affine hyperspheres
x := (c1e1, · · · , crer, cr+1er+1x1, · · · , cKesxs),
x¯ := c(e1, · · · , er, er+1x1, · · · , esxs),
x˜ := (e1, · · · , er, er+1x1, · · · , cesxs)
are equiaffine equivalent to each other.
Definition 4.1. The hyperbolic affine hypersphere x is called the Calabi composition of r points and
s hyperbolic affine hyperspheres.
Remark 4.1. Two special cases of the above proposition when r = 0, s = 2 and r = s = 1, respectively,
are discussed in [3] and [6].
Now let x : Mn → Rn+1 be a Calabi composition of r points and s (K = r + s ≥ 2) hyperbolic affine
hyperspheres xα : M
nα → Rnα+1, 1 ≤ α ≤ s, and g the affine metric of x. For convenience we make the
following convention:
1 ≤ α, β, γ ≤ s, α˜ = α+ r, β˜ = β + r, γ˜ = γ + r.
Let {viαα ; iα = 1, · · · , nα} be the local coordinate system of Mα, α = 1, · · · , s. Note that
fa =
{
a, 1 ≤ a ≤ r;∑
β≤α nβ + α˜, r + 1 ≤ a = α˜ ≤ r + s.
Let C be the constant given by (4.1). Then from (3.11), (3.12), (3.13) and Proposition 3.4 follows easily
the following
Proposition 4.1. The affine metric g, the affine mean curvature L1 and the possibly nonzero com-
ponents of the Fubini-Pick form A of the Calabi composition x of r points and s hyperbolic affine hyper-
spheres xα : Mα → R
nα+1, α = 1, · · · , s, are given as follows:
gλµ =


λ+ 1
λ
Cδλµ, 1 ≤ λ ≤ r − 1;
n1 + r + 1
r(n1 + 1)
Cδrµ, λ = r;∑
β≤α+1 nβ + α˜+ 1
(nα + 1)(
∑
β≤α nβ + α˜)
Cδλµ, r + 1 ≤ λ = α˜ ≤ r + s− 1.
(4.3)
gi¯α˜j¯β˜ = (nα + 1)(−
(α)
L 1)C
(α)
g iαjαδαβ , gλi¯α˜ = 0. (4.4)
Aλλλ =


1− λ2
λ2
C, 1 ≤ λ ≤ r − 1,(
1
r2
−
1
(n1 + 1)2
)
C, λ = r,
(
∑
β≤α+1 nβ + α˜+ 1)C
(nα+1 + 1)(
∑
β≤α nβ + α˜)
(
1∑
β≤α nβ + α˜
−
1
nα+1 + 1
)
, r + 1 ≤ λ = α˜ ≤ r + s− 1.
(4.5)
Aλλµ =


λ+ 1
λµ
C, 1 ≤ λ < µ ≤ r,
(λ + 1)C
λ(
∑
β≤α nβ + α˜)
, 1 ≤ λ ≤ r − 1, µ = α˜,
(n1 + r + 1)C
r(
∑
β≤α nβ + α˜)
, λ = r, µ = α˜,
(
∑
γ≤α+1 nγ + α˜+ 1)C
(nα+1 + 1)(
∑
γ≤α nγ + α˜)(
∑
γ≤β nγ + β˜)
, r + 1 ≤ λ = α˜ < µ = β˜ ≤ r + s− 1.
(4.6)
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Ai¯α˜ j¯α˜ α˜−1 = −
1
nα + 1
gi¯α˜ j¯α˜ = −
(α)
L 1C
(α)
g iαjα , (4.7)
Ai¯α˜ j¯α˜β˜ =
1∑
γ≤β nγ + β˜
gi¯α˜j¯α˜ =
(nα + 1)
(
−
(α)
L 1
)
C∑
γ≤β nγ + β˜
(α)
g iαjα , β ≥ α, (4.8)
Ai¯α˜ j¯α˜k¯α˜ = (nα + 1)
(
−
(α)
L 1
)
C
(α)
A iαjαkα , (4.9)
where
(α)
L 1,
(α)
g and
(α)
A are the affine mean curvature, the affine metric and the Fubini-Pick form of xα,
α = 1, · · · , s.
By restrictions, g defines a flat metric g0 on R
K−1 with matrix (gλµ) and, for each α, a metric gα on
Mα with matrix
(
gαiαjα
)
=
(
gi¯α˜ j¯α˜
)
and inverse matrix
(
giαjαα
)
, which is conformal to the original metric
(α)
g , or more precisely,
gα = (nα + 1)
(
−
(α)
L 1)C
(α)
g . (4.10)
Example 4.1. Given a positive number C0, let x0 : R
n0 → Rn0+1 be the well known flat hyperbolic
affine hypersphere of dimension n0 which is defined by
x1 · · ·xn0xn0+1 = C0, x
1 > 0, · · · , xn0+1 > 0.
Then it is not hard to see that x0 is the Calabi composition of n0 + 1 points. In fact, we can write for
example
x0 = (e1, · · · , en0 , C0en0+1).
Then by Corollary 4.1 the affine metric g0, the affine mean curvature
(0)
L 1 and the Fubini-Pick form
(0)
A of
x0 are respectively given by (cf. [15])
(0)
g λµ=
λ+ 1
λ
(
C20
n0 + 1
) 1
n0+2
δλµ, (4.11)
(0)
L 1=−
1
(n0 + 1)C
= −(n0 + 1)
−
n0+1
n0+2C
− 2
n0+2
0 , (4.12)
(0)
Aλµν=


−λ
2−1
λ2
(
C20
n0+1
) 1
n0+2
, if λ = µ = ν;
λ+1
λν
(
C20
n0+1
) 1
n0+2
, if λ = µ < ν;
0, otherwise.
(4.13)
Thus the Pick invariant of x0 is
(0)
J =
1
n0(n0 − 1)
(0)
g λ1λ2
(0)
g µ1µ2
(0)
g ν1ν2
(0)
Aλ1µ1ν1
(0)
Aλ2µ2ν2= (n0 + 1)
−
n0+1
n0+2C
− 2
n0+2
0 = −
(0)
L 1 . (4.14)
Remark 4.2. Since, by Propositions 3.2, 3.3, Calabi composition of hyperbolic affine hyperspheres is
essentially independent of the order of its factors, we conclude that the Calabi composition of r(≥ 2) points
and s hyperbolic affine hyperspheres is in fact the composition of the flat hyperbolic affine hypersphere
x0 in Example 4.1 of dimension n0 := r − 1 with other s hyperbolic affine hyperspheres.
As an application of Proposition 4.1, we prove the following result:
Theorem 4.2. Let x : Mn → Rn+1 be a Calabi composition of r points and s hyperbolic affine
hyperspheres xα :M
nα → Rnα+1, 1 ≤ α ≤ s. Then x is symmetric if and only if each positive dimensional
factor xα is symmetric.
Proof. By using Proposition 4.1, it suffices to prove the following
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Proposition 4.2. A nondegenerate hypersurface x : Mn → Rn+1 is locally affine symmetric if and
only if x is of parallel Fubini-Pick form A.
Proof of Propostion 4.2
First we suppose that the Fubini-Pick form A of x is parallel. Then by [1], x must be an affine
hypersphere. It then follows from (2.6) that the affine metric g must be locally symmetric. Thus locally
we can write Mn = G/K and the canonical decomposition of the corresponding orthogonal symmetric
pair (g, k) is written as g = k + m where the vector space m is identified with ToM . Here o ∈ M
n is the
base point given by o = eK with e the identity of G. Note that, for all X,Yi ∈ m = ToM , i = 1, 2, 3, the
vector field Yi(t) := Lexp(tX)∗(Yi) is the parallel translation of Yi along the geodesic γ(t) :=exp(tX)K (see,
for example, [5]). Consequently we have
d
dt
((L∗exp(tX)A)(Y1, Y2, Y3))
=
d
dt
(Aexp(tX)K(Lexp(tX)∗(Y1), Lexp(tX)∗(Y2), Lexp(tX)∗(Y3)))
=(∇ˆγ′(t)A)(Y1(t), Y2(t), Y3(t)) = 0, (4.15)
where ∇ˆ is the Levi-Civita connection of the metric g. It follows that
Aexp(tX)K(Lexp(tX)∗(Y1), Lexp(tX)∗(Y2), Lexp(tX)∗(Y3)) (4.16)
is constant with respect to the parameter t and thus A is G-invariant.
Conversely, we suppose that Mn = G/K locally for some symmetric pair (G,K) and that A is G-
invariant. Then for any X,Yi ∈ m = ToM , i = 1, 2, 3, the function (4.16) is again a constant along the
geodesic γ(t).
Therefore,
(∇ˆXA)(Y1, Y2, Y3) =
d
dt
∣∣∣∣
t=0
Aγ(t)(Y1(t), Y2(t), Y3(t)) = 0,
where we have once again used the fact that each Yi(t) is parallel along the geodesic γ(t). ⊔⊓
To end this section we list some properties of the Calabi composition of points and hyperbolic affine
hyperspheres.
Write M0 = R
K−1. Then, with respect to the affine metric g on Mn, the Fubini-Pick form A can
be identified with a TMn-valued symmetric 2-form A : TMn × TMn → TMn. For each ordered triple
α, β, γ ∈ {0, 1, · · · , s}, A defines one TMγ-valued bilinear map A
γ
αβ : TMα × TMβ → TMγ, which is the
TMγ-component of Aαβ , the restriction of A to TMα × TMβ. For α = 1, · · · , s, define
Hα =
1
nα
tr gαA
0
αα ≡
1
nα
giαjαα A
0
αα
(
∂
∂viαα
,
∂
∂vjαα
)
, (4.17)
where the metric gα is given by (4.10).
Proposition 4.3. Let x : Mn → Rn+1 be the Calabi composition of r points and s hyperbolic affine
hyperspheres and g the affine metric of x. Then
(1) The Riemannian manifold Mn ≡ (Mn, g) is reducible, that is
(Mn, g) = Rq × (M1, g1)× · · · × (Ms, gs), q + s ≥ 2; (4.18)
(2) There must be a positive dimensional Euclidean factor Rq in the de Rham decomposition (4.18) of
Mn, that is, q > 0;
(3) q ≥ s− 1 with the equality holding if and only if r = 0;
(4) Aγαβ ≡ 0 if (α, β, γ) is not one of the following triples: (0, 0, 0), (α, α, 0), (α, 0, α), (0, α, α) or
(α, α, α).
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(5) For any p = (p0, p1, · · · , ps) ∈M
n and each α = 1, · · · , s, it holds that
A0αα(R
Mα(Xα, Yα)Zα,Wα) +A
0
αα(Zα, R
Mα(Xα, Yα)Wα) = 0.
∀Xα, Yα, Zα,Wα ∈ TpαMα (4.19)
which is equivalent to that the holonomy algebra hα acts on A
0
αα trivially, that is hα · A
0
αα = 0.
(6) The vector-valued functions Hα, α = 1, · · · , s, defined by (4.17) satisfy the following qualities:
Hα = −
fα˜−1
fα˜C
∂
∂tα˜−1
+
1
C
∑
s−1≥β≥α
nβ+1 + 1
fβ˜+1
∂
∂tβ˜
, (4.20)
g(Hα, Hα) = C
−1
(
1
nα + 1
−
1
fK
)
=
n− nα
nα + 1
(−L1), (4.21)
g(Hα, Hβ) = L1 for α 6= β; (4.22)
(7) Aααα is identical to the TMα-valued symmetric bilinear form defined by the Fubini-Pick form
(α)
A of
xα.
In fact, (1), (2) are trivial, and (3) holds since q = K − 1 = r + s − 1; (4) follows directly from
Proposition 4.1; (5), (6) and (7) can be verified via a direct computation, where the equality (4.1) and
the fact that fK = n+ 1 are needed.
Remark 4.3. Another application of Proposition 4.1 is to give a new characterization of the Calabi
compostion. We believe that a locally strongly convex affine hypersurface x : Mn → Rn+1 is locally the
Calabi composition of some points and hyperbolic affine hyperspheres if and only if the above conditions
(1), (4) and (5) hold. This new characterization will appear in a forthcoming paper.
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